Abstract. By studying modular invariance properties of some characteristic forms, which are related to elliptic genera, we obtain twisted cancellation formulas for characteristic forms. We apply these twisted cancellation formulas to study divisibilities on spin manifolds and congruences on spin c manifolds. In particular, we obtain twisted Rokhlin congruences for 8k + 4 dimensional spin c manifolds.
Introduction
Let M be a 12 dimensional smooth Riemannian manifold. A beautiful relation between the top degree components of the Hirzebruch L-form and A-form of M (see (2.1) and (2.2) below for their definitions) was shown by Alvarez-Gaumé and Witten [1] as a gravitational anomaly cancellation formula as follows: (1.1)
L(T M, ∇
T M )
, where T C M denotes the complexification of T M and ∇ T C M is canonically induced from ∇ T M , the Levi-Civita connection associated to the Riemannian structure of M ; ch(T C M, ∇ T C M ) denotes the Chern character form associated to (T C M, ∇ T C M ) (cf. [22] ). This gravitational anomaly cancellation formula, which they called the miraculous cancellation formula, was derived from very non-trivial computations.
(1.1) is generalized by Kefeng Liu [16] to arbitrary 8k + 4 dimensional manifolds by developing modular invariance properties of characteristic forms. In [16] , he proved that for each 8k + 4 dimensional smooth Riemannian manifold M the following identity holds:
In (1.2), each h r (T C M ) is a differential form

A(T M,
, where b r (T C M ) ∈ KO(M ) ⊗ C, 0 ≤ r ≤ k, can be derived canonically from T M. When the manifold is closed and spin, according to the Atiyah-Hirzebruch divisibility [3] , h r (T C M ), [M ] are all even numbers. Therefore from (1.2) and the Hirzebruch signature theorem [11] , one easily obtains the Ochanine divisibility [19] , which says that the signature of an 8k + 4 dimensional smooth closed spin manifold is divisible by 16 . This shows us how miraculous cancellation formulas imply divisibility of characteristic numbers. The author also provides a similar miraculous cancellation formula for 8k dimensional manifolds. However this 8k dimensional cancellation formula does not imply divisibility results. Liu's formula refines the arguments of Hirzebruch [10] and Landweber [14] , who deduce the Ochanine divisibility by using the ideas of elliptic genus, to the level of differential forms. See [16] for details. Liu's method is taken over in [8, 9] to study the Ochanine congruence and the Finashin congruence. The authors show that there exist more general cancellation formulas with an extra complex line bundle involved, which generalizes Liu's formula (1.2) and turn out to be efficient for studying congruence phenomena on spin c and pin − manifolds. Let (ξ, ∇ ξ ) be a real oriented Euclidean plane bundle, or equivalently a complex line bundle on M with Euler form c = e(ξ, ∇ ξ ). For each 8k + 4 dimensional smooth Riemannian manifold M , they obtain that
2 6k−6r h r (T C M, ξ C ).
In (1.3), each h r (T C M, ξ C ) is a differential form
A(T M,
, where ξ C is the complexification of ξ and b r (T C M, ξ C ) ∈ KO(M ) ⊗ C, 0 ≤ r ≤ k, can be derived canonically from T M and ξ.
As an application of the general cancellation formula (1.3), when M is closed and spin c and B is an 8k + 2 dimensional oriented submanifold of M such that [B] ∈ H 8k+2 (M, Z) is dual to w 2 (T M), the authors deduce in an analytic way that (Sig(M )−Sig(B •B)) is divisible by 8 by using the Atiyah-Singer index theorem for spin c manifolds, where (B • B) denotes the self-intersection of B in M . Moreover, they [9] show that
Sig(M ) − Sig(B • B)
8 4) which is the analytic version of the Ochanine congruence obtained in [18] . Formula (1.3) has interesting applications for studying the Ochanine congruence and the Finashin congruence (cf. [19] , [6] ). We refer interested readers to [9] for details. This shows us again how cancellation formulas imply divisibility and congruence results.
Looking at these cancellation formulas as well as the divisibilities and congruences induced by them, one asks if there exist more cancellation formulas like (1.2) and (1.3) and consequently exist more divisibilities and congruences for characteristic numbers. We show in this article some results in this direction.
Let d+d * : Γ(ΛT * M ) → Γ(ΛT * M ) be the signature operator, the index of which is the signature Sig(M ) of the manifold. It's known that ind
W is another complex vector bundle over M , one can study the twisted signature operator on the twisted signature complex,
The twisted signature complex is important in the original proof of the Atiyah-Singer index theorem. Here we are using the L-form but not its stable version the L-form (its characteristic series is
gives the twisted signature Sig(M, W ). In this paper, we are going to discuss the divisibilities (congruences respectively) of Sig(M, T C M ) and Sig(M, T C M ⊗ T C M ) on spin (spin c respectively) manifolds, which means we will study the characteristic
To be more precise, still applying modular invariance of characteristic forms [16] , we obtain a bunch of interesting twisted cancellation formulas for characteristic forms (with or without a twisting complex line bundle). When these new cancellation formulas are applied to 8k and 8k + 4 dimensional closed spin manifolds, we find some hidden divisibilities of the characteristic numbers
and some of their linear combinations.
The divisibilities of Sig(M, T C M ) for 8k and 8k + 4 dimensional spin manifolds were already obtained by Hirzebruch [12] by studying elliptic genera. Our cancellation formulas supply an interesting approach for proving the Hirzebruch divisibilities. Moreover we are able to construct examples to show that the Hirzebruch divisibilities are best possible. On the other hand, the divisibilities of Sig(M, T C M ⊗ T C M ) for 8k and 8k + 4 dimensional spin manifolds induced by our cancellation formulas look new in the literature. We are also able to construct examples to show that these divisibilities are best possible. Let
* be the signature operator. The twisted signature operator d s ⊗ T C M has already been proved to be rigid by using the Witten rigidity theorem; however nobody has been able to give a direct proof without using it (cf. [17] ). Our divisibilities are still applications of modular invariance. It would also be interesting to find out a direct proof of these divisibilities for the twisted signatures.
On the other hand, when we apply our cancellation formulas with a twisted complex line bundle to spin c manifolds, we obtain some congruence results about the twisted signature Sig(M, T C M ), which in dimension 8k +4 give twisted Rokhlin congruence formulas.
The rest of the article is organized as follows. We list the twisted cancellation formulas in Section 2 and postpone their proofs to Section 5. In Section 3, we apply our twisted cancellation formulas to spin manifolds and obtain divisibilities for the twisted signatures. Then in Section 4, the twisted cancellation formulas are applied to spin c manifolds and particularly induce twisted Rokhlin congruence formulas for 8k + 4 dimensional spin c manifolds.
Twisted cancellation formulas
In this section, we first present some basic geometric data and then list our twisted cancellation formulas.
Let M be a smooth Riemannian manifold. Let ∇ T M be the associated LeviCivita connection and
be the Hirzebruch characteristic forms defined by
Let E, F be two Hermitian vector bundles over M carrying Hermitian connec-
If we set the formal difference G = E − F , then G carries an induced Hermitian connection ∇ G in an obvious sense. We define the associated Chern character form as
In the rest of the paper, where there will be no confusion about the Hermitian connection ∇ E on the Hermitian vector bundle E, we will write simply ch(E) for the associated Chern character form.
Let ξ be a rank two real oriented Euclidean vector bundle, or equivalently a complex line bundle, over M carrying a Euclidean connection
√ −1τ with τ ∈ H be the upper half complex plane. We introduce four elements (cf. [16] , [9] 
Recall that for an indeterminate t,
are respectively the total exterior and symmetric powers of E. The following relations hold between these two operations (cf. [2] ),
We can formally expand these four elements into Fourier series in q 1 2 :
where the A i 's and B i 's, are elements in the semi-group formally generated by Hermitian vector bundles over M . Moreover, they carry canonically induced Hermitian connections.
Let c = e(ξ, ∇ ξ ) be the Euler form of ξ canonically associated to ∇ ξ . Now we can state our twisted cancellation formulas and discuss their applications in the following subsections. 
13)
where each
, 0 ≤ r ≤ k, and each
The right hand side is understood as 0 when k < 1.
In Theorem 2.1, putting k = 0, 1, 2, by computing h 0 (T C M ) and h 1 (T C M ) (see (5.18 ) and (5.19)), we have
= 0.
.
(2.16)
We also have 
The right hand side is understood as 0 when k < 2.
In Theorem 2.2, putting k = 0, 1, 2, 3, by computing h 0 (T C M ) and h 1 (T C M ) (see (5.18 ) and (5.19)), we have
Equivalently, in view of Corollary 2.1, one has
(2.20)
For 8k dimensional manifolds, we have the following twisted cancellation formulas.
Theorem 2.3.
For an 8k dimensional smooth Riemannian manifold M , the following identity holds:
In Theorem 2.3, putting k = 1, 2, by computing z 0 (T C M ) and z 1 (T C M ) (see (5.32) and (5.33)), we have
We also have
Theorem 2.4. For an 8k dimensional smooth Riemannian manifold M , the following identity holds:
In Theorem 2.4, putting k = 1, 2, 3, by computing z 0 (T C M ) and z 1 (T C M ) (see (5.32) and (5.33)), we have
Equivalently, in view of Corollary 2.8, one has
(2.30)
If we include the extra complex line bundle ξ into our picture, we have the following.
Theorem 2.5. For an 8k + 4 dimensional smooth Riemannian manifold M , the following identity holds:
The right hand is understood as 0 when k < 1.
For the 8k dimensional case, we have the following.
Theorem 2.6. For an 8k dimensional smooth Riemannian manifold M , the following identity holds:
Spin manifolds and divisibilities of twisted signatures
Let Sig(M, T ) and Sig(M, T ⊗T ) denote Sig(M, T C M ) and Sig(M, T C M ⊗T C M ) respectively. In this section, we apply Theorems 2.1, 2.2 and Theorems 2.3, 2.4 to 8k + 4 and 8k dimensional closed spin manifolds respectively to obtain divisibility results for the twisted signatures Sig(M, T ) and Sig(M, T ⊗ T ). We also show that our divisibilities are best possible.
3.1. 8k + 4 dimensional case. According to the generalized Hirzebruch signature formula [7, 11] , when M is an 8k + 4 dimensional closed spin manifold, integrating both sides of (2.13) against the fundamental class [M ], we have
According to the Atiyah-Hirzebruch divisibility [3] , we obtain
Then according to Theorem 3.1 and the Ochanine divisibility [19] that the signature of 8k + 4 dimensional closed spin manifolds is divisible by 16 , we see that our twisted cancellation formula (2.13) actually implies the Hirzebruch divisibility:
Moreover, we are able to show that the Hirzebruch divisibility is best possible. To prove Proposition 3.1, we need the following lemmas, which are easy to deduce directly. 
and
Thus we have
By similar computations, it's not hard to prove (3.3). 
where n is a positive integer.
Proof. Let HP n be the quaternionic projective space and u be the generator of H 4 (HP n , Z). A theorem of Hirzebruch ([10] ) says that the total Pontrjagin class of T HP n is the following:
In 
This proves Proposition 3.1.
Our twisted cancellation formula (2.17) implies the divisibility of the twisted signature Sig(M, T ⊗T ). According to the generalized Hirzebruch signature formula [7, 11] , when M is an 8k + 4 dimensional closed spin manifold, integrating both sides of (2.17) against the fundamental class [M ], we have
In particular, by (2.19) , in dimension 4, we have 
Applying (3.3) and Lemma 3.2 to the 8k
Since the maximal common denominator of −55 · 2 15 and −256 · 7 is 256, we see that 256 is the best possible divisibility of the twisted signature Sig(M, T ⊗ T ) for 8k + 4 dimensional spin manifolds, where k ≥ 1.
3.2. 8k dimensional case. According to the generalized Hirzebruch signature formula [7] , when M is an 8k dimensional closed spin manifold, integrating both sides of (2.23) against the fundamental class [M ], we have 
This proves Proposition 3.3.
Our twisted cancellation formula (2.26) implies the divisibility of the twisted signature Sig(M, T ⊗T ). According to the generalized Hirzebruch signature formula [7, 11] , when M is an 8k dimensional closed spin manifold, integrating both sides of (2.26) against the fundamental class [M ], we have
In particular, by (2.28), in dimension 8, we have By (3.3),
Applying (3.3) and Lemma 3.2 to the 8k dimensional, k ≥ 2, spin manifold (
Applying (3.3) and Lemma 3.2 to the 8k dimensional, k ≥ 2, spin manifold (HP
Since the maximal common denominator of 2 23 and 2048 · 23 is 2048, we see that 2048 is the best possible divisibility of the twisted signature Sig(M, T ⊗ T ) for 8k dimensional spin manifolds, where k ≥ 2.
Spin c manifolds and twisted Rokhlin congruences for characteristic numbers
In this section, we apply Theorem 2.5 and Theorem 2.6 to 8k + 4 and 8k dimensional spin c manifolds respectively to obtain some congruence results. In particular, for 8k + 4 dimensional spin c manifolds, we establish twisted Rokhlin congruence formulas. 
Therefore, by (2.31), (4.1) to (4.3), we have
Thus one has 1 128 
is divisible by 128 and
is divisible by 2 14 . Moreover, one has
Note that we also have the following results. 
Theorem 4.2 (Han-Zhang [9, Theorem 3.2]). The following congruence formula holds:
0 ≤ r ≤ k, and (Zhang, [20] ). The following identity holds: 
and (4.14)
We can regard (4.13) and (4.14) as twisted Rokhlin congruence formulas for 8k + 4 dimensional spin c manifolds.
8k dimensional case.
By similar computations as what we did in the above subsection, for the 8k dimensional case, from Theorem 2.6, we have
(4.15)
is divisible by 2048. Moreover, one has
Remark 4.1. It's pretty interesting to note that in the 8k dimensional spin c case, although we can say nothing about the divisibility of (Sig(M ) − Sig (B • B) ), we do have a very high divisibility for the twisted version
which is even much higher than the 8k + 4 dimensional case.
Proofs of twisted cancellation formulas
We use the modular invariance method developed in [16, 8, 9 ] to prove Theorem 2.1 to 2.6 in this section.
We first recall some necessary knowledge on theta-functions and modular forms. Then in Section 5.1 we prove Theorems 2.1 to 2.4 together and in Section 5.2 we prove Theorems 2.5 and 2.6 together.
Recall that the four Jacobi theta-functions [5] defined by infinite multiplications are 
as usual be the famous modular group. Let
be the two generators of SL 2 (Z). Their actions on H are given by
be the two modular subgroups of SL 2 (Z). It is known that the generators of Γ 0 (2) are T, ST 2 ST , while the generators of Γ 0 (2) are ST S, T 2 ST S (cf. [5] ).
If we let S and T act on the theta-functions, the following transformation formulas hold (cf. [5] ):
Let Γ be a subgroup of SL 2 (Z). Definition 5.1. A modular form over Γ is a holomorphic function f (τ ) on H∪{∞} such that for any
the following property holds:
where χ : Γ → C * is a character of Γ and k is called the weight of f .
If Γ is a modular subgroup, let M R (Γ) denote the ring of modular forms over Γ with real Fourier coefficients. Writing simply θ j = θ j (0, τ), 1 ≤ j ≤ 3, we introduce four explicit modular forms (cf. [16] ),
They have the following Fourier expansions in q 1/2 :
where the "· · · " terms are the higher degree terms, all of which have integral coefficients. They also satisfy the transformation laws (cf. [14] , [16] ),
Lemma 5.1 ([16] ). One has that δ 1 (τ ) (resp. ε 1 (τ )) is a modular form of weight 2 (resp. 4) over Γ 0 (2), while δ 2 (τ ) (resp. ε 2 (τ )) is a modular form of weight 2 (resp. 4) over Γ 0 (2), and moreover
5.1. Proof of Theorems 2.1 to 2.4. Without loss of generality, we will adopt the Chern roots formalism as in [16] , in the computations of characteristic forms. Recall that if {w i } are the formal Chern roots of a Hermitian vector bundle E carrying a Hermitian ∇ E , then one has the following formula for the Chern character form of the exterior power of E [11] :
Let's deal with 8k + 4 dimensional manifolds first. For τ ∈ H and q = e 2π √ −1τ , set (cf. [16] )
, (5.12)
where
, are the Hermitian connections with q j/2 -coefficients on
In terms of the theta-functions, we get (cf. [16] )
, (5.14)
Applying the transformation laws (5.6) to (5.9) for theta-functions, we see that P 1 (τ ) is a modular form of weight 4k + 2 over Γ 0 (2), while P 2 (τ ) is a modular form of weight 4k + 2 over Γ 0 (2). Moreover, the following identity holds:
Observe that at any point x ∈ M , up to the volume form determined by the metric on T x M , both P i (τ ), i = 1, 2, can be viewed as a power series of q 1/2 with real Fourier coefficients. Thus, one can apply Lemma 5.1 to P 2 (τ ) to get, at x, that
where each h r (T C M ), 0 ≤ r ≤ k, is a real multiple of the volume form at x. We can show that each h r (T C M ), 0 ≤ r ≤ k, can be expressed through a canoni-
, 0 ≤ j ≤ r, with coefficients not depending on x ∈ M . As in [16] , one can use the induction method to prove this fact easily by comparing the coefficients of q j/2 , j ≥ 0, between the two sides of (5.17). For the consideration of the length of this paper, we do not give details here but only write down the explicit expressions for h 0 (T C M ) and h 1 (T C M ) as follows:
(5.19) By (5.16) and (5.17), we have
(5.20)
Expanding Θ 1 (T C M ) explicitly, by (2.8) we have 21) where the "· · · " are the terms involving q j 's with j ≥ 3.
Note that 
On the other hand, by (5.12), (5.21) and (5.22) , comparing the coefficients of q in (5.20), we have 
Thus, combining (5.23) and (5.26), we have
Therefore by the above computations, we have
which is just (2.17).
To prove Theorem 2.2 for the 8k dimensional case, similarly we set (cf. [16] )
Then one similarly finds that P 1 (τ ) is a modular form of weight 4k over Γ 0 (2), while P 2 (τ ) is a modular form of weight 4k over Γ 0 (2) and (5.29)
This time, applying Lemma 5.1, we have
Now we have
, (5.32)
where the "· · · " are the terms involving q j 's with j ≥ 3. Note that
Therefore by (5.27), (5.34) and (5.35), comparing the constant terms of both sides of (5.31), we get the result of Liu (
By (5.27), (5.34) and (5.35), comparing the coefficients of q on both sides of (5.31), we have
(5.38) Combining (5.36) and (5.38), we get 
Thus, combining (5.36) and (5.39), we have
which is just (2.26).
5.2.
Proof of Theorems 2.5 and 2.6. The proof for the cases with the extra complex line bundle ξ involved is similar to the above proof. For τ ∈ H and q = e 2π √ −1τ , set (cf. [8, 9] )
In terms of the theta-functions, we get (cf. [9] )
Applying the transformation laws (5.6) to (5.9) for theta-functions, we still see that ( [9] ) P 1 (ξ C , τ) is a modular form of weight 4k + 2 over Γ 0 (2), while P 2 (ξ C , τ) is a modular form of weight 4k + 2 over Γ 0 (2) . Moreover, the following identity holds:
Then similar to (5.17), we have To prove Theorem 2.6 for the 8k dimensional case, similarly we set ( [9] )
, (5.55)
(5.56)
Still playing the same game, we see that P 1 (ξ C , τ) is a modular form of weight 4k over Γ 0 (2), while P 2 (ξ C , τ) is a modular form of weight 4k over Γ 0 (2) and one has the following identities:
4k P 2 (τ ), (5.57)
(5.58) Thus (5.59) 
